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Compressibility of aqueous and organic solvents

Peter Schuck*

Division of Bioengineering and Physical Science, ORS, OD, National Institutes of Health, Building 13, Rm. 3N17,
13 South Drive, Bethesda, MD 20892-5766, USA

Abstract

The effects of solvent compressibility on the sedimentation behavior of macromolecules as observed in analytical
ultracentrifugation are examined. Expressions for the density and pressure distributions in the solution column are
derived and combined with the finite element solution of the Lamm equation in inhomogeneous media to predict the
macromolecular concentration distributions under different conditions. Independently, analytical expressions are
derived for the sedimentation of non-diffusing particles in the limit of low compressibility. Both models are
quantitatively consistent and predict solvent compressibility to result in a reduction of the sedimentation rate along
the solution column and a continuous accumulation of solutes in the plateau region. For both organic and aqueous
solvents, the calculated deviations from the sedimentation in incompressible media can be very large and substantially
above the measurement error. Assuming conventional configurations used for sedimentation velocity experiments in
analytical ultracentrifugation, neglect of the compressibility of water leads to systematic errors underestimating
sedimentation coefficients by approximately 1% at a rotor speeds of 45 000 rpm, but increasing to 2–5% with
increasing rotor speeds and decreasing macromolecular size. The proposed finite element solution of the Lamm
equation can be used to take solvent compressibility quantitatively into account in direct boundary models for discrete
species, sedimentation coefficient distributions or molar mass distributions. Using the analytical expressions for the
sedimentation of non-diffusing particles, the ls-g*(s) distribution of apparent sedimentation coefficients is extended
to the analysis of sedimentation in compressible solvents. The consideration of solvent compressibility is highly
relevant not only when using organic solvents, but also in aqueous solvents when precise sedimentation coefficients
are needed, for example, for hydrodynamic modeling.
� 2003 Published by Elsevier B.V.
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1. Introduction

Analytical ultracentrifugation is one of the clas-
sical first principle techniques of physical chem-
istry for the study of macromoleculesw1,2x. It has
significant applications both in the study of bio-
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molecules, in particular proteins and nucleic acids,
as well as the study of synthetic polymers. Sedi-
mentation equilibrium permits the determination
of thermodynamic quantities, such as the molar
mass and mass distribution and the characterization
of reversible macromolecular interactions. The
transport process observed in sedimentation veloc-
ity experiments additionally contains information,



202 P. Schuck / Biophysical Chemistry 108 (2004) 201–214

for example, on hydrodynamic shape. Because the
sedimentation rate of macromolecules in the grav-
itational field is strongly size and shape dependent,
the size-distribution of macromolecules in solution
can be characterized with relatively high precision
and resolution(for recent reviews, see, e.g. Refs.
w3–8x).
One important consideration in ultracentrifuga-

tion experiments is the generation of pressure from
the solution column in the gravitational field,
which can influence the thermodynamic properties
and conformation of the macromolecules under
study. It is well known that pressure can sometimes
significantly affect the equilibrium constants for
protein complex formation and, for example, lead
to complex dissociation. More often, however, this
requires pressures higher than those generated in
the ultracentrifugew2x. A more fundamental and
universal pressure effect that in theory affects any
sedimentation experiment is due to the compress-
ibility of the solvent, since solvent density changes
across the solution column will change the buoy-
ancy of the macromolecule, and thus their sedi-
mentation behavior. This is a practical concern
primarily in sedimentation velocity experiments
and sedimentation equilibrium experiments of
small molecular weight solutes where higher rotor
speeds are required.
Although it is commonly assumed that consid-

eration of solvent compressibility may be required
for organic solvents but not for aqueous solvents,
their compressibility is not too dissimilar: while
the value of the compressibility coefficient for
water is 4.59=10 yMPa, it is only twofold largery4

for toluene (8.96=10 yMPa), and little morey4

than threefold larger for some of the most com-
pressible organic solvents, such as acetone or
hexane. In his book, Svedberg has given tables for
density changes of water across the solution col-
umn at different rotor speeds, which can amount
to )1% at the highest rotor speed permitted by
modern instrumentationw1x. This is large consid-
ering that the effects of density changes on the
macromolecular sedimentation can be significantly
amplified by the buoyancy of the macromolecule
(a factor of 3–4 for proteins in aqueous solvents).
Larger effects can be expected in organic solvents,
which are common in analytical ultracentrifugation

experiments of synthetic polymersw9–11x and
supramolecular chemistryw12x, but are also occa-
sionally used in the study of biological macromol-
eculesw13x. For example, Mosimann and Signer
have described a 28% change in buoyancy across
the solution column for nitrocellulose sedimenting
in acetonew14x.
Only a few early publications have addressed

the effect of solvent compressibilityw2x. In iso-
pycnic density gradient sedimentation, water com-
pressibility corrections were applied in the
calculation of the particle density from the equilib-
rium position of the band at neutral buoyancyw15x.
For sedimentation velocity analysis, Fujita has
considered pressure as a parameter in the general
framework of centrifugal flow equationsw16x.
Linearized approximations for corrections to thes-
values and extrapolation procedures to zero pres-
sures were developed by Oth and Desreuxw17x.
Fujita has noted that such extrapolation may not
be possible with precision from experimental data
w16x, and has reported an approximate description
of the effect of hydrostatic pressure on the concen-
tration distribution of non-diffusing particlesw18x.
Schachman has described the use of density gra-
dients generated by hydrostatic pressure to measure
the compressibility of polystyrenew19x. Despite
this work, overall surprisingly few theoretical stud-
ies have addressed solvent compressibility, how it
affects the macromolecular concentration distribu-
tion in detail, and how it can be taken into
consideration in the data interpretation. Several
decades ago, this may have been, in part, due to
the relative smaller effect of compressibility in
aqueous solvents, which were of main interest in
the biochemical application of ultracentrifugation,
and due to limited instrumental precisionw2x.
However, with current commercial detection sys-
tems(both the absorbance scannerw20,21x and the
laser interferometry systemw22–24x) and when
using current data analysis techniques, the preci-
sion of the sedimentation coefficients is well in
the range where the effects of solvent compressi-
bility are significant, even for aqueous solvents.
Currently the most detailed analysis of sedimen-

tation velocity is based on solutions of the trans-
port equation for macromolecular diffusion and
sedimentation in the gravitational field, the Lamm
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equation w25x. This approach permits the direct
modeling of the data from the complete evolution
of the macromolecular concentration distribution
w26–30x. In recent years, new approximate analyt-
ical Lamm equation solutionsw31,32x, and more
efficient numerical algorithms for finite element
solutions w33,34x combined with algebraic noise
decomposition techniquesw35x have made this a
routine tool for the study of macromolecular size
and shape, sedimentation coefficient and molar
mass distributionsw36,37x, flotation coefficient
distributionsw38x, protein self-association and het-
ero-association(e.g. Refs. w39–41x), non-ideal
sedimentation processes in complex solventsw42x
and many other processes. However, despite the
increasing level of detail and statistical precision
of the data analysis, solvent compressibility was
so far not taken into consideration.
In the previous communication of this series, a

general finite element model for sedimentation in
inhomogeneous media and its application to den-
sity gradients from sedimenting co-solutes is
describedw43x. In the present paper, it is demon-
strated how these finite element solutions of the
Lamm equation can be adapted to predict and
model the concentration distributions of sediment-
ing solutes in compressible solvents. Because
many macromolecular systems exhibit a complex-
ity that exceeds the current potential for modeling
with Lamm equation solutions, a method for cal-
culating an apparent sedimentation coefficient dis-
tribution in compressible solvents is derived. It is
based on a new analytical expression in closed
form for the sedimentation profiles of a non-
diffusing particle in a linear compressibility
approximation. These methods are implemented in
the softwareSEDFIT (which can be downloaded
from www.analyticalultracentrifugation.com) for
the analysis of experimental data. Features of
sedimentation in compressible aqueous and organic
solvents are discussed.

2. Theory

The sedimentation and diffusion of a solute in
the sector-shaped solution column of the analytical
ultracentrifuge was given by Lamm as

w z≠c 1 ≠ ≠c 2 2s rD ysv r c (1)x |
≠t r ≠r ≠ry ~

with c(r, t) denoting the concentration at a distance
r from the center of rotation and at timet, v the
angular velocity,D the diffusion coefficient ands
the sedimentation coefficientw25x. As shown in
the preceding paper, one can consider the effect of
locally varying solvent viscosityh and densityr
on the macromolecular sedimentation after trans-
formation of the sedimentation and diffusion coef-
ficient to standard conditions, combined with a
local buoyancy and relative viscosity term:

h20,wD (r, t)s D \a(r, t)D (2a)exp 20,w 20,w
h r,t( )

B Eh 1yf9r(r, t)20,w C Fs (r, t)s sexp 20,w¯D Gh(r, t) 1yvr20,w

\a(r, t)b(r, t)s (2b)20,w

with the partial-specific volume of the macromol-
ecule , the apparent partial-specific volumef9,v̄
the standard conditions denoted with the index
20,w (for water at 208C), and with the abbrevia-
tion a denoting the inverse of the relative viscosity,
and with b denoting the relative buoyancyw43x.
A finite element solution of Eqs.(1), (2a) and
(2b) is described in the preceding paper. In the
present context, changes in the solvent densityr(r,
t) are assumed to arise only from solvent com-
pressibility, i.e.r(r, t)sr(r). Also, in the follow-
ing, the absence of a pressure dependence of the
macromolecule–solvent interactions will be
assumed, and the fully solvated macromolecule
will be used as a reference under standard condi-
tions. In this approximation, for the present pur-
pose the distinction between andf9 in Eq. (2b)v̄
can be dropped. In the case of solvent compressi-
bility, the relative viscosity and buoyancy coeffi-
cientsa andb are independent of time, and it is
assumed in the following that the viscosity is
essentially independent of pressure(i.e. as1).
This case requires modifications in the propagation
matrices of the standard finite element approach,
but can be solved efficiently for both the static
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w26,34x and moving frame of reference method
w33x.
The evaluation of Eq.(2b) requires expressions

for the radial dependence of the solvent density.
With the coefficient of compressibilityk, the
differential density change can be described as
drsrkdp. The pressure change with increasing
distance from the center of rotation is related to
the rotor speed and solvent density as dpydrs
rv r. Taken together, and with the boundary con-2

dition r(m)sr , the radial distribution of density0

and pressure can be found as

y1w z1 2 2 2r(r)sr 1y r v k r ymx |Ž .0 02y ~

w z1 1 2 2 2p(r)sy log 1y r v k r ym (3)x |Ž .0
k 2y ~

(with m denoting the meniscus of the solution
column). In the present paper, Eq.(3) is used to
evaluate the radial dependent solvent density. Fuji-
ta gives a considerably more complex expression
for the pressure distributionw44x which could not
be reconciled(likely due to typographical prob-
lems) with his underlying differential equation for
pressure. Eq.(3) is also slightly different from
that by Schachman(Eq. 98 in Ref.w2x), which is
based on an explicit expression for the density
r(p)sr (1qkp) w2,17x as opposed to the differ-0

ential drsrkdp used here. However, these differ-
ences appear only in the third term of a Taylor
expansion and are very small. In the limit of
vanishing compressibility, both expressions con-
verge to the well-known formula for the radial
dependence of the pressure

2 2 2p(r)sr v r ym y2 (4)Ž .0

(Eq. 99 in Ref. w2x). A corresponding linear
approximation for the density distribution at small
compressibility may be obtained by truncating the
Taylor expansion of Eq.(3) to its first term

w z2 2 2x |r(r)sr 1qkr v r ym y2 (5)Ž .0 0y ~

An important quantity for many data analysis

procedures is the positionr (t) of the sedimenta-p

tion boundary and the boundary shape from sedi-
menting non-diffusing particles. The boundary
position can be obtained by integrating the equa-
tion of motion for a particle in the centrifugal
field, dr ydtsv sr , with the initial condition of2

p p

r (0)sm. For homogeneous solvents this resultsp

in the well-known expression

2r (t)sm exp sv t (6)Ž .p

The corresponding boundary shape is described as
a step-function with a constant plateau levelcp
that only experiences dilution with time according
to the well-known expression

2c (t)sc expy2v st (7)Ž .p 0

In compressible solvents(or inhomogeneous sol-
vents in general) Eqs. (6) and (7) do not apply
because of the radial-dependent sedimentation rate.
This makes invalid the conventional analysis
approaches that are implicitly based on Eq.(6),
including the sedimentation coefficient distribu-
tions g*(s) (in the forms of dcydr w45x, dcydt
w46,47x, and ls-g*(s) w48x as well asG(s) w49–
51x). Therefore, in the following, expressions for
the sedimentation of the non-diffusing particle
through compressible solvents analogous to Eqs.
(6) and(7) are sought.
Assuming the absence of other complicating

factors, such as a pressure dependence of the
viscosity w2x, the macromolecular frictional coef-
ficient w44x, and the partial-specific volumew19x,
one can write a modified equation of motion for a
non-diffusing particle in the centrifugal field as

¯dr 1yvr(r)p 2sv r s (8)p 0 ¯dt 1yvr0

w2x. It is possible to integrate this equation with
the density distribution in the approximation of
low compressibility (Eq. (5)). If the particle is
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initially at a radiusr , the positionR at later time0

t is

R r , t sŽ .0

2S WFqxmT T1y22 2U Xr Fqxm exp v s tŽ . T T0
V YF

(9)

2 1y2S WB EFqxmT T2 2 2 2U XC FFqx m yr qxr exp 2v s tŽ . T T0 0 0
D GV YF

with the abbreviations and2 2¯xsvr v ky2 Fs1y0

In the caser sm, Eq. (9) gives the evolutionv̄r .0 0

of the sedimentation boundary for non-diffusing
particles r (t), extending Eq.(6) to the case ofp

compressible solvents in the limit of low
compressibility.
The functionR(r , t) also permits calculating0

the shape of the plateau, which is not constant as
in the incompressible case Eq.(7) but determined
by the continuous deceleration of the particles and
the corresponding accumulation of material at
higher radii. Let us consider the materialM ini-
tially between the radiir and r qDr0 0

r qDr0

M r , r qDr, ts0 s c(r, 0)rdr (10)Ž .0 0 |
r0

where c(r, 0) denotes the initial concentration
distribution, which usually is uniformc . At a later0

time, the materialM* between the propagated
radial limits R(r , t) and R(r qDr, t) can be0 0

calculated as:

UM R r , t ,R r qDr, t , tŽ Ž . Ž . .0 0
R r qDr,t( )0

s c(r, t)rdr (11)|
R r ,t( )0

In the limit of no diffusion, becauseR(r , t) is a0

monotonous function, no particles from outside
the original interval betweenr andr qDr can be0 0

within R(r , t) andR(r qDr, t) at the later time,0 0

and vice versa, no particles from within the origi-
nal interval can escape the limits set byR(r , t)0

and R(r qDr, t). It follows that MsM*, and0

therefore Eqs.(10) and(11) are identical. Dividing
the right-hand sides of Eqs.(10) and (11) by Dr,

taking the differential to the infinitesimal limits
and using the general relationship

g z( )
w x(dydz) f(x)dxsf g(z) (dgydz)|

a

leads to the shape of the concentration distribution
in the ‘plateau’ region

c(r, 0)r0c R r , t , t s (12)Ž Ž . .0 dR r , tŽ .0R r , tŽ .0
dr0

The preceding considerations and the expression
Eq. (12) are generally valid for the local accu-
mulation and dilution of non-diffusing species that
migrate in a sector-shaped volume according to
any monotonous functionR(r , t). As can be easily0

verified, for the propagation in homogeneous sol-
vents with uniform loading concentration this leads
to the well-known dilution rule for the constant
solvent plateau, Eq.(7). In compressible solvents
with R(r , t) as given in Eq.(9), however, the0

function c(R, t) is not constant despite a uniform
loading concentrationc :0

c R r , t , t sŽ Ž . .0

2 2S WB ET TFqxm
2 2 2 2C FU XFqx m yr qxr exp 2v s tT TŽ .0 0 0

D GV YF
c , R)r (t)

(13)

0 p2S W
T TFqxm22 2U XFqxm exp 2v s tT TŽ . 0
V YF

For the practical calculation of the ‘plateau’ shape,
it should be noted that Eqs.(12) and (13) are
only implicitly defining the concentration distri-
bution c(r, t), because the left-hand side refers to
the concentration at the radiusR(r , t) after prop-0

agation, while the right-hand side depends on the
initial positionr . However, this is computationally0

no further difficulty, as the propagation is known,
and Eq.(9) can be used to evaluate the position
for which the right-hand side of Eq.(13) predicts
the concentration.
The expressions Eqs.(9) and (13) completely

define the shape of the concentration distribution
of non-diffusing particles in the limit of low



206 P. Schuck / Biophysical Chemistry 108 (2004) 201–214

Fig. 1. Effects of compressibility in organic solvents: calculated
sedimentation profiles for polystyrene with a molar mass of
100 kDa( s0.917 mlyg, s s0.8 S) in toluene(rs0.867v̄ 20,w

gyml, ks8.96=10 yMPa, hs0.56 mPa sw61x) at a rotory4

speed of 60 000 rpm, and a temperature of 258C. The con-
centration distributions are shown in time intervals of 1500 s.
For comparison, the dotted lines indicate the sedimentation
profiles for an incompressible solvent under otherwise identical
conditions.

Fig. 2. Comparison of analytical Lamm equation solution for
non-diffusing particles in the low compressibility approxima-
tion with the finite element Lamm equation solution. Top pan-
el: sedimentation profiles calculated under the condition of Fig.
1 for polystyrene in toluene(solid line). Finite element Lamm
equation solutions calculated with lower diffusion coefficient
under otherwise identical conditions are shown as dotted line
for D of 10 cm ys and dash-dotted line forD ofy8 2

20,w 20,w

10 cmys, respectively. The concentration distributions for ay9 2

non-diffusing species calculated analytically via Eqs.(9) and
(13) is shown as dashed line. Lower panel: same distributions
at higher magnification in the ‘plateau’ region.

compressibility. They can be used in the frame-
work of the ls-g*(s) method w48x as a substitute
of the conventional step-function(Eq. 2 in Ref.
w48x) to calculate the apparent sedimentation coef-
ficient distribution of non-diffusing particles in
compressible solvents.

3. Results

First, as an example for the sedimentation in
compressible solvents, Fig. 1 shows simulated
concentration profiles for 100 kDa polystyrene
sedimenting in toluene(solid lines). At the bottom
of a 12 mm solution column at 60 000 rpm,
pressures)30 MPa are generated, which leads to
a change in the density of toluene of;2.5% (or
;1.2% at in the middle of the solution column at
6.6 cm). Although this change in density may
appear small, the buoyant molar mass decreases
by 10% at the base(;5% at the midpoint). As
visible in Fig. 1, this increasing buoyancy leads to
a deceleration of sedimentation and consequently
an accumulation of material in regions at higher
radii. As a consequence, besides the shift in the

boundary position, there exists no plateau region
(the distributions instead show a slope that increas-
es with time) and significantly less radial dilution
is observed. As compared to the sedimentation in
a homogeneous incompressible solvent(dotted
lines), the changes in the concentration profiles
are very substantial. The deceleration of the sedi-
mentation boundary is qualitatively very different
from any other sedimentation process, such as
concentration dependent non-ideal sedimentation.
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Fig. 3. Sedimentation coefficient distributions from the analysis
of the sedimentation data in compressible solvents shown in
Fig. 1.(Normally distributed noise of magnitude 0.01 was add-
ed.) The sedimentation coefficient distributionc(s) with
deconvoluted diffusion(solid line) was calculated with maxi-
mum entropy regularization on a confidence level of 0.9w36x,
and with non-linear regression of the weight-average frictional
ratio fyf w51x. Becausefyf was well-determined and a single0 0

peak is observed inc(s), the result can be transformed to a
molar mass distributionc(M) (inset).

In order to validate the accuracy of the numer-
ical results from the finite element Lamm equation
solutions and the analytical expression for non-
diffusing particles at low compressibility, the sed-
imentation profiles calculated with both methods
are compared in Fig. 2. Because the finite element
method in the case of compressible solvents is
numerically instable atDs0 for both the static
and moving frame of reference, very low diffusion
coefficients were used, instead, to approach the
limit of non-diffusing particles. Fig. 2 shows the
original finite element Lamm equation solutions
of Fig. 1 (solid line), and the results with diffusion
coefficients of 10 cmys (dotted line) andy8 2

10 cm ys (dash-dotted line). Also visible in Fig.y9 2

2 are the analytically calculated distributions from
Eqs.(9) and(13) (dashed line), which are consis-
tent with the limit of Ds0 approached by the
series of finite element solutions. Both methods
lead to consistent boundary position as well as
shape of the distribution in the non-depleted region
(the ‘plateau’ region).
When examined in more detail, slight differenc-

es between the results from the two methods were
found, which are related to the limit of low
compressibility(Eq. (5)) on which the analytical
expression is based. This introduces an underesti-
mation of the compressibility effects at the base
of the cell by approximately 2.5%. This slight
underestimation of the density gradient is visible
best in ‘plateau’ levels that are slightly lower
(;0.2% error) as compared to the finite element
results that are based on the accurate density
distribution of Eq.(3) (Fig. 2, lower panel). Also,
corresponding very small deviations in the bound-
ary position were found(;0.002 cm), leading to
errors in thes-value of below 0.1%. As a control,
when the finite element Lamm equation solutions
were calculated with the same density distributions
of Eq. (5), the differences between the analytical
and finite element solutions in the ‘plateau’ region
disappeared(-10 , data not shown). This con-y4

sistency suggests that for a given solvent density
distribution both the numerical and the analytical
solutions are sufficiently accurate solutions of the
Lamm equation, with deviations far below exper-
imental precision. The small differences observed
in the lower panel of Fig. 2 can be fully attributed

to the assumption of small compressibility which
is underlying the analytical expressions for sedi-
mentation of non-diffusing particles.
Sedimentation in compressible solvents was

implemented inSEDFIT fully compatible with the
continuous sedimentation coefficient and molar
mass distribution models,c(s) and c(M), respec-
tively. This is shown in Fig. 3, where the data
from Fig. 1(after adding 0.01 normally distributed
noise) were modeled as a sedimentation coefficient
distribution from independently sedimenting mac-
romolecular species with unknown weight-average
frictional ratio f y f . The sedimentation coefficient0

distribution results in a single peak at the correct
sedimentation coefficient of 0.8 S. The non-linear
regression of the weight-average frictional ratiof y
f converged to a value of 2.82, virtually identical0

to that underlying the simulation. As is the case
with data from the corresponding sedimentation in
a homogeneous solvent, the weight-average fric-
tional ratio is well determined and permits here
the calculation of bothc(s) andc(M) distributions
(as outlined elsewhere for homogeneous solvents,
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Fig. 4. Results from alternative sedimentation coefficient dis-
tributions applied to the data in Fig. 1. Distributions calculated
without considering solvent compressibility: g*(s) distribution
(calculated as ls-g*(s) w48x with the data subset from 7500 to
9000 s) (dashed line), and van-Holde–Weischet distribution
G(s) w49x applied to the data in Fig. 1(without noise and in
time intervals of 300 s) (dotted vertical line). Two approaches
for calculating the apparent sedimentation coefficient distri-
bution g*(s) with solvent compressibility are shown: low-com-
pressibility approximation using the analytical expression for
the sedimentation profiles of non-diffusing particles as kernel
in the ls-g*(s) method(solid line); and a low-diffusion approx-
imation from a c(s) distribution with fixed friction ratio at
fyf s20 (circles). For comparison, the result of a conventional0

g*(s) distribution obtained from the sedimentation in a homo-
geneous incompressible solvent under otherwise identical con-
ditions (crosses).

a reliablec(M) distribution cannot be calculated if
either f y f is not well determined or if more than0

one peak is obtained inc(s)) w51x.
In many cases where the macromolecular sedi-

mentation is more complex, for example, in multi-
component systems with attractive or repulsive
interactions, it can be desirable to achieve a more
model-independent description of the sedimenta-
tion process. This can be accomplished, for exam-
ple, by using apparent sedimentation coefficient
distributions, or by reducing the analysis to the
determination of the weight-average sedimentation
coefficient. In compressible solvents, this is com-
plicated by the absence of a plateau region. This
does not allow to define the weight-average sedi-
mentation coefficient through second moment con-
siderations w2x. Further, the position-dependent
buoyancy also makes problematic the application
of the sedimentation coefficient distributions that
utilize the laws for ideal sedimentation of a non-
diffusing species in homogeneous solvents. If sol-
vent compressibility is ignored, the g*(s) method
leads to a slightly asymmetric apparent sedimen-
tation coefficient distribution with a peak at a too
small s-value(dashed line in Fig. 4). The integral
sedimentation coefficient distributionG(s) from
the van Holde–Weischet methodw49x is also cen-
tered at too smalls-values, and would wrongly
suggest the presence of repulsive non-ideal sedi-
mentation(dotted line in Fig. 4). In both cases,
the resulting distribution and the apparent weight-
averages-value will depend on the data subset
used for the analysis.
Two methods are available for calculating the

apparent sedimentation coefficient distribution tak-
ing solvent compressibility into account. The first
method is based on the analytical expressions Eqs.
(9) and (13) substituting the conventional step-
functions in the ls-g*(s) methodw48x (Fig. 4, solid
line). This makes the assumption of low compress-
ibility since it uses the linearized density distribu-
tion of Eq. (5). The second method is based on
an exact description of the solvent density distri-
bution, but approximates the limit of no diffusion
of g*(s) by very low diffusion, which is achieved
in thec(s) method when fixing the weight-average
frictional ratio to a very large numberw51x (circles
in Fig. 4). Both approaches lead to consistent

results. Importantly, these distributions are also
very similar to that obtained for simulated sedi-
mentation in incompressible solvents under other-
wise identical conditions. This shows that the use
of either method for calculating g*(s) in compress-
ible solvents (in particular the computationally
more efficient modified ls-g*(s) method) provides
a very effective and simple way of accounting for
solvent compressibility. Further, like the ordinary
c(s) and ls-g*(s) distributions, their integration
report a weight-averages at the correct value,
independent of the data subsets considered.
In the following, the effects of the compressi-

bility of water on the sedimentation velocity anal-
ysis are examined. Although water is less
compressible than most organic solvents, the com-
pressibility coefficient is still large enough to
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Fig. 5. Calculated effect of compressibility of water. Top panel:
sedimentation profiles were simulated for a 50 kDa protein
with s s4 S at unit loading concentration, sedimenting at a20,w

rotor speed of 60 000 rpm in water with a compressibility coef-
ficient of 4.59=10 yMPa w61x. Distributions are shown fromy4

900 s in intervals of 1500 s(solid lines). For comparison, the
sedimentation profiles in an incompressible medium under oth-
erwise identical conditions are shown as dashed lines. Lower
panel: residuals of modeling the sedimentation data without
considering compressibility: a single species model was fitted
to the scans starting at 300–11 400 s in 300-s intervals, allow-
ing for an unknown meniscus position and baseline signal. The
residuals of the best-fit are shown(in units of loading concen-
tration), which has a root-mean-square deviation of 0.0054,
and leads to an overestimation of the molar mass by 3% and
an underestimation of the sedimentation coefficient by 1.9%.
The inset shows the residuals bitmap(scaled to represent resid-
uals of"0.05 from black to white) for the fitted radius range
of 6.007–7.133 cm.

significantly influence macromolecular sedimen-
tation. Fig. 5 shows the calculated concentration
distributions of a 50 kDa protein with ans-value
of 4 S sedimenting at 60 000 rpm(solid lines).
Compared to the sedimentation in an ideal incom-

pressible solvent(dashed lines), the sedimentation
boundary exhibits a retardation and distortion that
is very significant. The maximal difference
between the concentration distribution in com-
pressible water vs. incompressible solvent are)
0.05, which is approximately tenfold above the
experimental error in data acquisition. If the com-
pressibility of water is ignored, the analysis with
a single species model leads to an error in the
molar mass and sedimentation coefficient byq3
andy1.9%, respectively.(These values refer to a
fit with unknown meniscus position and baseline
signal; if additionally systematic time-invariant and
radial-invariant noise contributions are permitted,
the errors inM ands are 1.4 and 0.9%, respective-
ly.) As shown in Fig. 5, the residuals of such a fit
are clearly systematic, and show the largest devi-
ation close to the meniscus.
The underestimation of thes-value and the

magnitude and pattern of residuals when ignoring
water compressibility were found to be qualitative-
ly similar in simulations for proteins of different
sizes. However, as shown in Fig. 6(top panel),
the errors made if water compressibility is ignored
sharply increases with smaller molar mass of the
solute. (The precise influence on the result with
the impostor model does also depend on other
parameters, such as fitting limits and baseline
parameters considered.) This error decreases with
decreasing solution column(Fig. 6, middle panel)
and with decreasing rotor speed(Fig. 6, lower
panel). For example, for ordinary solution column
heights of 12 mm and a protein of 100 kDa, water
compressibility influences the sedimentation coef-
ficients by more than 1% at rotor speeds larger
than 45 000 rpm. Larger effects were found for
smaller macromolecules.

4. Discussion

The effects of solvent compressibility on mac-
romolecular sedimentation behavior can be quite
large. This has been known for a long time in the
area of polymer characterization with organic sol-
vents, but has generally not been appreciated for
aqueous systems. Although the compressibility of
water is less than most organic solvents, it is not
qualitatively and not much quantitatively different.
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Fig. 6.

Fig. 6. Relative errors of the estimates for the sedimentation
coefficient (squares) and molar mass(circles) in the analysis
of a single non-interacting species if the compressibility of
water is ignored. Top panel: sedimentation profiles were sim-
ulated with a value of the compressibility coefficient of
4.59=10 yMPa w61x, and analyzed by non-linear regressiony4

with a single-species model without compressibility. Results
are based on a 12-mm solution column, a rotor speed of 60 000
rpm, and simulated sedimentation of molecules with 500 Da
and 0.15 S, 750 Da and 0.23 S, 1 kDa and 0.3 S, 3 kDa and
0.6 S, 10 kDa and 1.5 S, 50 kDa and 4 S, 100 kDa and 7 S,
and 200 kDa and 10 S, respectively. Middle panel: influence
of the solution column height. Sedimentation profiles were
simulated for a 10 kDa protein with a sedimentation coefficient
of 1.5 S at 60 000 rpm with a compressibility coefficient of
4.59=10 yMPa w61x. Shown are the relative errors in they4

sedimentation coefficient when the data were modeled as a
single species without considering compressibility. Lower pan-
el: influence of the rotor speed for a 10 kDa protein with 1.5
S (squares), and for a 100 kDa protein with 7 S(circles). The
vertical line indicates the limit of the rotor speed for current
commercial analytical rotors. Simulations were based on a
solution column of 12 mm.

The present calculations show that for sedimenta-
tion velocity experiments it cannot be neglected in
either case. This is in line with observations made

several decades ago. In 1940, Svedberg recom-
mended the consideration of solvent compressibil-
ity for organic solvents, but for aqueous solvents
only at high rotor speeds and solution columns
w1x. In 1959, Schachman noted that large gains in
experimental precision will make pressure correc-
tions more importantw2x. Despite even more sub-
stantial technological and computational
improvements increasing the sensitivity and pre-
cision of sedimentation velocity in the recent years,
little attention has been paid to solvent compress-
ibility for either organic or aqueous solvents.
One theoretical difficulty of describing sedimen-

tation in compressible solvents is that the Lamm
equation is based on the assumption of a constant
partial-specific volume for all components, and
that it describes the sedimentation and diffusion
coefficients in a volume-fixed framew52x. Without
these assumptions, currently no rigorous theory for
practical flow equations is known that describes
macromolecular sedimentation in compressible sol-
ventsw52x. The approximation used in the present
work relies on the solvent compressibility being
small enough so that solvent and macromolecular
flows do not significantly change the center of
volume of the mixture, and the volume-based
reference frame on the Lamm equation is close to
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the cell-based frame in which the measurement
takes place. Because of small absolute changes in
the partial-specific volume of the solvent and at
dilute macromolecular conditions this appears to
be a reasonable approximation.(For example, at
1 mgyml polystyrene in toluene solution at 50 000
rpm in a 12 mm solution column, the fractional
volume expansion due to complete sedimentation
of the polymer into the compressed regions of the
cells can be estimated to be in the order of 10 .)y5

In the present paper, two new approaches are
described to describe sedimentation under consid-
eration of the solvent compressibility. The first is
based on numerical solutions of the Lamm equa-
tion, using the finite-element framework described
in the accompanying paper for sedimentation in
inhomogeneous mediaw43x. The second approach
is a new analytical solution of the Lamm equation
for non-diffusing particles in the approximation of
low compressibility. The approximation of low
compressibility leads to errors that in practice for
ordinary solvents will be far below the detection
limit. Both methods currently are limited by
neglecting the compressibility of the macromole-
cule itself w2x, and the pressure dependence of the
solvent viscosity. However, if required the consid-
eration of the two latter factors could be easily
included in the framework of the finite element
model. The numerical solution of the Lamm equa-
tion permits the direct boundary analysis with
models for independent ‘ideally’ sedimenting spe-
cies, diffusion-deconvoluted sedimentation coeffi-
cient distributionsc(s), and can in principle be
combined with finite element models of interacting
species. The analytical solutions for non-diffusing
particles, on the other hand, permit a more ‘model-
free’ description of the sedimentation process in
the form of a ls-g*(s) distribution, which may be
more appropriate, for example, for strongly con-
centration-dependent polydisperse polymer sam-
ples and could be coupled with extrapolation
procedures to infinite dilutionw53x. Together, both
approaches extend the conventional tools for sed-
imentation velocity analysis to account for solvent
compressibility. They are applicable to the model-
ing of experimental data in the softwareSEDFIT.
The main feature of the predicted concentration

distributions in compressible solvents is a decrease

of the sedimentation velocity along the solution
column, which leads to a deceleration of the
boundary and to an increase of the macromolecular
concentration with radius. This is consistent with
earlier calculations in the absence of diffusion
w2,18x. The deceleration is due to the increased
buoyancy in regions of higher pressure and higher
solvent density. The difference can be very signif-
icant. In the example simulated here, the sedimen-
tation of polystyrene in toluene, it amounts to
10%, but it can be significantly larger for solvents
with higher compressibility(such as acetone or
hexane) andyor solutes that are closer in density
to the solventw14,19x. Correspondingly, the effects
on the boundary shape can also be quite large
(Figs. 1 and 2).
It should be noted that the qualitative observa-

tion of an increasing concentration with radius in
the ‘plateau’ region is not sufficient to diagnose
the presence of solvent compressibility effects, as
a visually ‘sloping plateau’ may originate also
from the sedimentation of small populations of
aggregates with a very broad size-distribution, the
sedimentation of a very small species(e.g. a buffer
component that contributes to the detected signal)
or optical artifacts.(Interestingly, the plateau pat-
terns from compressibility correlate more with an
ideally sedimenting very small species than with a
broad distribution of large species; we did not
observe artificial peaks at larges-values in the
c(s) analysis if compressibility was unaccounted
for, rather a small apparent increase inc(s) at the
limit of the smallest s-value, data not shown).
However, a much better qualitative feature for
solvent compressibility is the deceleration of the
sedimentation boundary, which produces large
residuals with any model if compressibility is not
accounted for. Fortunately, as a physical process
that is independent of the sample under study, the
extent of solvent compressibility is very predicta-
ble. As described in the present paper, its effects
can be calculated from first principles and quanti-
tatively incorporated in the sedimentation model.
The neglect of the solvent compressibility will

lead to significant errors. This is not surprising for
organic solvents. More unexpectedly, effects of
compressibility of water can also be substantial.
According to the presented calculations, the
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neglect of compressibility will lead to an under-
estimation of the sedimentation coefficient by 1%
or more for relatively large proteins studied at
rotor speeds over 45 000 rpm, and larger deviations
are predicted for smaller proteins and peptides and
at higher rotor speeds(e.g. 2–2.5% for a 10 kDa
protein at 50 000–60 000 rpm). Such deviations
are significantly above the measurement errors.
The present estimates assume protein partial-spe-
cific volumes of 0.73 mlyg, but larger effects will
be seen in proteins, e.g. lipoproteins, with densities
closer to the solvent. But even for proteins of
common partial-specific volume, the hydrostatic
compressibility of water can be of practical impor-
tance, for example, when comparing sedimentation
coefficients obtained at different rotor speeds, or
when precise absolute sedimentation coefficients
are required for hydrodynamic modelingw54–57x.
The current analysis has not considered the

compressibility of the macromolecules. This is a
good approximation for folded proteins, which
generally exhibit compressibility values of only
10–20% of the compressibility of waterw58x. Also,
a possible pressure dependence of the viscosity
has not taken into account. It could be easily
accounted for in Eq.(2b) as a radial-dependent
viscosity term, and incorporated into the finite
element solutions of the Lamm equations(still
representing a special case of the general sedimen-
tation in inhomogeneous mediaw43x). For water,
at the pressures generated in the analytical ultra-
centrifuge and temperatures greater than 208C,
the viscosity is nearly constantw59x and the treat-
ment presented here appears sufficient. However,
for some organic solvents, the pressure-dependence
of viscosity can be largerw60x and require the
more general frameworkw43x. For toluene, a sig-
nificant increase of viscosity with pressure has
been observedw60x, which would likely exacerbate
the deceleration effects predicted here on the basis
of considering solvent compressibility alone.
Details of how pressure-dependent viscosity affects
sedimentation will be the subject of further studies.
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